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I remember entering the faculty lounge one day while I was in
graduate school and hearing a logician chiding some of the algebraists
in the room. He said, "Don't you fellows ever get tired of just plus
and times?" His remark, said in jest, had more to it than he may have
realized. The fact that there is structure to algebra, represented by
plus and times, was a vital discovery in the nineteenth century. It
would lead algebra away from a reliance on numbers to a much more formal approach, one in which many different types of algebraic structures
could be formed and studied. Algebra would also become more closely
allied with other areas of mathematics--hence the "liberation" of algebra. Our purpose here is to briefly touch on several important advances
in algebra during this period and to give a brief overview of some important events in the rise of group theory.
I might first point out that it is interesting to view these developments in algebra with other developments taking place in mathematics during
the nineteenth century. It is generally thought that the three most significant events in mathematics during the century were (1) the discovery of
a self-consistent geometry different from the widely accepted Euclidean
geometry, the discovery, in about 1829, of non-Euclidean geometry; (2) the
program instituted by Weierstrass and others leading to the arithmetization
of analysis; and (3) the events to be described in algebra. These three
events worked to set mathematics onto postulational foundations. No longer
was mathematics to be so closely associated with the real world. As the
century progressed, mathematics becomes much more formalized and with its
progression come changing views about what mathematics is and what we can
do with it.
Much of the important work in algebra was carried out in England and is
responsible for a renewal of English mathematics. Indeed, the first work
giving structure to algebra arose from the formation of the Analytical
Society at Trinity College, Cambridge in 1815. The founding of the society
by John Herschel (1792-1871), Charles Babbage (1791-1871) and George Peacock
(1791-1858) marks the rebirth of mathematics in England. It was George
Peacock's Treatise on Algebra, published in 1830, which first sought to give
the subject a logical structure. While John Dubby feels that Peacock may
have been strongly influenced by Charles Babbage 1 , who should also be credited
with the formation of these ideas, Peacock is usually the only one mentioned
in this regard. Nevertheless, it was here that the liberation of algebra
begins.
Peacock attempted to give structure to algebra by formulating the fundamental laws of arithmetic. Thus, we see the beginning of postulational thinking in arithmetic and algebra. Peacock tried to suggest that algebra was
more than a symbolization of arithmetic or a fancy way to do arithmetic without using numbers. However, we get the feeling that, at least intuitively,

_153

the reliance on numbers is still present for him, as Peacock never considers what would happen if one of these laws were violat~d. Indeed, it
was still assumed that the laws of arithmetic would hold for any algebraic system, no matter what the elements or objects of the algebra might
be.
Several years later (in 1843), Sir William Rowan Hamilton made one of
the most revoiutionary contributions to algebra with his discovery of the
quaternions. In 1833, Hamilton had introduced a formal algebra of real
number couples, similar to that used for complex numbers today. While he
was doing so, he always thought it important to appeal to some physical concept for justification. MacDuffee points out that, "Hamilton did not think
of definitions andpostulates as we do today, as the basic hypothesis of our
mathematical system, but on the contrary, he felt called upon to appeal to
some physical concept for their justification." 2 Accordingly, he felt that
he could extend the concept of his number couples to three dimensions. He
could not, though he worked continually on this problem. Hamilton finally
decided to go to four dimensions. But why go to four dimensions when three
did not work? MacDuffee indicates a possible reason, saying:
The question might well be asked, what induced
Hamilton to attempt to find an algebra in four
units after it became evident that none existed
in three units which would suit his purpose. I
think a clue to this is to be found in his paper.
Euler had discovered that the product of two sums
of four squares can be written as the sum of four
squares. Now the corresponding theorem concerning
the product of sums of two squares is equivalent
to .the fact that the norm of the product of two
complex numbers is equal to the product of their
norms. Without much aouot, Hamilton caught the
hint that there might exist an algebra in four
units possessing the .same norm property. 3
Hamilton defined quaternions to be ordered sets of four units, such as
He then defined three operators on these quaternions, i, j,
a.tid k, so that
iq = (-b,a,-d,c),
q~{a,b,c,d).

jq

=

(-c,d,a,-b),

Kq- (-d,-c,b,a).
He defined a multiplication on his operators by defining (ij)q=i(jq).
doing so, one arrives at his famous multiplication:

By

Hamilton had thus invented the first system for which an operation is
not commutative. Today we easily accept such a notion, but for Hamilton to
recognize that such a system was possible was a stroke of genius. With his
system, the notion that all systems with an algebraic structure must obey
the same fundamental laws as the numbers obeyed was completely rejected.
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No longer was algebra a sophisticated way of doing arithmetic. If the ·
commutative law was independent of the system you work in, then we should
be observing the structure of the system with at least as much interest
as we observe the objects of the system. We might also note that Hamilton
did a great deal of work with the associative law and seems to be the
first person to call it by this name.
Hamilton was quite excited about his new work but, it seems, for the
wrong reasons. He thought quaternions would have many physical applications
and would rank with Newton's calculus in importance. Though the physical
applications never came, Hamilton's work is a major achievement in algebra.
His paper was one of the first to do purely abstract mathematics free of
any need to be useful. In that sense it is indicative of his age when
mathematics was just emerging from its need to be tied to immediate physical applications.
A year later, in 1844, another work appeared which was also presented
as a formal theory, devoid of any interpretation, and which also constructed
a noncommutative system. The result was essentially the invention of linear algebra by Hermann Grassmann in his Ausdehnungslehre. Here Grassmann
invented a geometric algebra and proved theorems dealing with basic ideas
in linear algebra, such as linear independence and dimensions. In the
course of his work he also defines a multiplication which does not satisfy
the commutative law.
A final example of a noncommutative system, the theory of matrices,
was first studied by Arthur Cayley and arose out of a work in 1858 on the
theory of transformations.
While belief in the fundamental laws of arithmetic was undergoing
severe examination, another work with a profound influence on algebra and
all of mathematics soon appeared. In 1847, the English mathematician George
Boole published his pamphlet "The Mathematical Analysis of Logic." The
pamphlet arose to settle a disagreement between the mathematician Augustus
De Morgan and the Scottish philosopher William Hamilton over whether logic
should be associated with mathematics or with metaphysics. Boole came
down strongly on the side of mathematics.
Boole wrote:
We might justly assign it as the definitive
character of a true Calculus, that it is a
method resting upon the employment of symbols,
whose laws of combination are known and general,
and whose results admit of a consistent interpretation. . • It is upon the foundation of this
general principle that I propose to establish
the Calculus of Logic and that I claim for it a
place among the acknowledged forms of Mathematical
Analysis.'+
His view contrasts sharply with that of his contemporaries who thought
mathematics was limited to descriptions of numbers and magnitude. In
1854, Boole published his "Investigation of the Laws of Thought 11 in which
he set down Boolean algebra and thus established both a new algebra and
a formal system of logic.
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In less than twenty-five years algebra was carried from the basic
structure of Peacock, where it · was first hinted that the symbols of algebra do not have to stand for numbers, to the·work of Boole, where "for
the first time the view is clearly expressed that the essential characteristic of mathematics is not so much its content as its form. If any
topic is presented in such a way that it consists of symbols and precise
rules of operation upon these symbols, subject only to the requirement
of inner consistency, this topic is part of mathematics." 5 Mathematics
is thus given new life as a formal system. It has been set free from its
reliance on numbers and any requirement for useful application. New
systems of algebra can be created and are as .legitimate as any that have
gone before.
Of all the new systems of algebra that came into being, perhaps none
is more important that the concept of a group. Indeed, as Carl Boyer writes,
"The multiplicity of algebras invented in the nineteenth century might have
given to mathematics a centrifugal tendency had it not been for the development of certain structural concepts~ One of the most important of these
was the notion of a group. In Algebra, the group concept was without doubt
the most important force making for cohesiveness, and it was an essential
factor in the rise of abstract views." 6
It is difficult to say precisely when the study of groups originated.
The notion of a group seemed more to evolve than to suddenly appear as a
unified theory. Much of the early work was done on specific groups or group
concepts, especially substitution groups. A postulational approach to a definition of a group did not appear until relatively late in the course of
their development. While no one person can be credited with the discovery
of groups, some of those who were responsible for the development of group
theory are Galois, Cauchy, Cayley, Sylvester, Jordan, and Poincare.
According to Miller, the earliest attempt to formulate the definition
of a general abstract group was made by Cayley in 1854 in his article in
Philosophical Magazine. In fact, much work on group theory had preceded
this date. Many of the classical theorems in group theory had emerged,
mainly as a result of seeking methods to solve equations. Prior to the
start of the nineteenth century, Lagrange had proved a version of the theorem
that now bears his name, and Ruffini had done work in group theory. It was
in the work of Abel and Galois, however, where group theory played its first
major role. The notion of permutation groups was important in Abel's work
on the unsolvability of the quintic. Galois followed with his theorem that
an algebraic equation is solvable if and only if its group is solvable. He
was the first person to realize the importance of normal subgroups and was
the first to use the technical term "group" (1830).
Cauchy published his first paper on groups in 1815 and later was a major
force in the development of the subject. His Exercises d'Analyse, Vol. 3,
1844, contain many major contributions to the subject. In 1846, Liouville
published Galois' work in the Journal de Mathematiques and interest in group
theory increased. In 1854, Cayley's paper appeared. During the 1850s groups
were being studied as part of university curricula; for example, Dedekind
lectured on algebra and Galois theory at Gottingen in 1858. In 1862-63,
Sylow lectured on groups in Oslo. One of his students was S. Lie who then
started to apply group theory to new fields, especially in the area of continuous transformation.groups. Lie and Poincare were to become the leaders
in group theory later in this century.
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In 1867, Jordan published the first article in which infinite
groups play an important role. He was also the first person to write
a separate treatise on the theory of groups--Traite des Substitutions
(1870). In 1872, Klein's "Erlanger Programm" appeared, in which geometry
is regarded as a group theory problem. Groups were first .i ntroduced in
the United States in 1882-83 when Sylvester lectured on them at Johns
Hopkins.
From 1880 on, interest in group theory continued to increase. There
appeared a number of separate treatises on the subject. In 1882, Weber
published a set of postulates for a group which were widely adopted. As
the century progressed, the theory of groups made constant progress until
by the end of the period it had become one of the fundamental concepts in
mathematics.

-.
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